Experimental measurements of decay branching fractions of semitaunic and semimuonic B c into J/ψ has challenged the lepton flavor universality in standard model with about two standard deviations. In this paper, we first investigate the unitary constraint on form factors of B c meson into S-wave and P -wave charmonium. Such constraint leads to the exploration of the R J/ψ and other ratios R ηc , R hc , and R χ cJ in a model-independent way. These results together with future experimental measurements can be used to explore the lepton flavor universality in a more systematic way. In addition, we point out that the helicity-dependent ratios R L J/ψ and R ⊥ J/ψ can also provide complementary information.
I. INTRODUCTION
Weak decays of heavy mesons play an important role in testing the standard model (SM) precisely and probing new physics effects beyond SM. In SM, the lepton interactions are universal for all three generations. Semileptonic decays of B mesons induced by the b → c transition have revealed hints lepton flavor non-university [1] , which may indicate the presence of possible new physics (NP). To probe the NP effects in a more systematic way, more accurate and solid predictions of branching fractions are highly demanded.
Ratios of semitaunic and semimuonicB decays into D or D * , i.e. R D and R D * have been measured by many experiments such as BABAR [2] , Belle [3] , and LHCb [4] . These measurements indicate the data of R D and R D * deviate from the SM predictions by about 3σ. Recently, the LHCb collaboration have reported the measurement of the ratio of the semitaunic and semimuonic B + c decays into J/ψ, i.e. R J/ψ , using a sample of proton-proton collision data corresponding to 3.0f b −1 of integrated luminosity [5] . A deviation, about 2σ, from SM is found in this measurement by LHCb.
On the theoretical side, a few schemes are used to study the B c decays into a charmonium, such as the perturbative QCD (PQCD) approach [6] [7] [8] [9] [10] [11] , QCD sum rules (QCD SR) [12] [13] [14] [15] , light-cone sum rules (LCSR) [16, 17] , quark model (QM) [18] [19] [20] [21] [22] [23] [24] , light-front quark model (LFQM) [25] [26] [27] , nonrelativistic QCD (NRQCD) [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] and others [39] . Uncertainties in some of these schemes are hard to control especially in the nonperturbative region and power corrections are expected important [40] . At zero recoil, many of these theoretical investigations become less solid and the extrapolations must be used in order to access the full momentum dependence of form factors. On the lattice, HPQCD collaboration have calculated form factors for decays B c into the S-wave charmonium in the entire q 2 range, using a highly improved lattice quark action [41, 42] . These works make the analysis of semileptonic B c decays sitting on a firm ground.
In this paper, we will adopt a model-independent way to study the form factors of B c into the S-wave and P-wave charmonium in the entire phase space. Using the dispersion relation and crossing symmetry, we will give a new parametrization form expanded in a series of polynomials. The coefficients in the expansion can be obtained by fitting the data or the Lattice simulations. At low recoil, the heavy quark limit reduces form factors into a few Isgur-Wise functions, which can also be used to constrain the expansion. In the literature, the unitary constraint has been applied to study B meson decays into light pseudoscalar and vector mesons, the charmed mesons [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . Recently, this approach has been conducted in B c into the S-wave charmonium Refs. [55] [56] [57] [58] . We extend this analysis to B c decays into all S-wave and P-wave charmonium in this work. Other studies on the R J/ψ can be found in Refs. [59] [60] [61] [62] [63] [64] [65] . This paper is scheduled as follows. We give the form factors of B c decays into charmonia in Sec. II. These form factors will be reduced in heavy quark limit in Sec. III. We investigate the unitary constraints on form factors in Sec. IV. Semitaunic and semimuonic B c decays into other S-wave and P -wave charmonia will also be studied and ratios for decay widths will be presented. In the last section, we give a summary of the paper.
II. FORM FACTORS
Semileptonic decay amplitudes of B c meson into charmonia are characterized by transition form factors, and for the S-wave charmonia, they are defined as
and the form factors of the B c meson to P-wave charmonia are
The vector and axial currents are defined as J µ V =cγ µ b and J µ A =cγ µ γ 5 b. The momentum transfer is defined as q = P − p. If one defines t ± ≡ m 2 Bc ± m 2 H with the heavy quarkonium mass m H , the kinematics constraint is 0 ≤ q 2 ≤ t − .
III. HEAVY QUARK EFFECTIVE THEORY
The transition form factors at the large recoil with q 2 0 might be calculable in QCD factorization, however, when the q 2 approaches the q 2 max = t − , the perturbative expansion in α s becomes less trustworthy. In this kinematics region, the involved degrees of freedoms are either heavy quark or soft gluons, which can be handled in perturbative QCD based on heavy quark effective theory (HQET). In heavy quark limit, the heavy quark spin and flavor symmetries hold, and thus decay constants and form factors are greatly simplified. In this section we will analyze the reduction of form factors in the heavy quark limit.
The four velocities of B c and charmonia H are denoted as v µ = P µ /m Bc and v µ = p µ /m H , respectively. The parameter ω ≡ v · v then becomes (m 2 Bc + m 2 H − q 2 )/(2m Bc m H ). The physic region for the parameter ω is 1 ≤ ω ≤ (m 2 Bc + m 2 H )/(2m Bc m H ). The outgoing charm quark in the b → c transition is at rest when q 2 = t − . The spectator charm quark is not involved in the hard scattering in a short time at order of 1/m W . It is convenient to investigate the symmetry for the b → c form factors in the heavy quark limit. The S-wave and P-wave charmonia can be classified into three multiplets. For S-wave charmonia, one has [66, 67] H
The P-wave charmonia can be merged into two multiplets by [68, 69] 
Form factors in Eqs. (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) are parametrized by the QCD currents. In heavy quark limit, the b → c QCD transition operator can be matched onto the effective current 
where the parameter ξ can be constructed using v and v , and |H c (v ) can be one of state in Eqs. (11) (12) (13) . The general form for ξ can be written as
where the ξ i (i = 0, 1, 2, 3) are functions of ω.
indicate that all these terms are reduced into the first ξ i . Thus one can write Eq. (14) as
where ξ 0 (ω) = ξ H (ω) for B c to S-wave charmonium and ξ 0 (ω) = ξ E (ω), ξ F (ω)v α for B c to P-wave charmonium. At zero recoil with q 2 = t − , we have the normalization condition ξ H (ω = 1) = 1. Evaluating the above trace will lead to the form factors in heavy quark limit:
Note that the hadronic states in QCD and the effective theory differ by a factor √ m H in leading order. Thus the form factors defined in Eqs. (1-10) can be obtained in the heavy quark limit:
A hc
From the above formulae, one can see that these sixteen form factors for the B c into S-wave and P-wave charmonia can be obtained by three universal Isgur-Wise functions [66] , i.e. ξ H (ω), ξ E (ω) and ξ F (ω).
IV. UNITATITY CONSTRAINTS

A. Dispersion relation
In the following, we will consider the constraints on form factors from unitarity, completeness and causality. The unitarity bound of form factors via dispersion relation and quark-hadron duality will be obtained. Let us first consider the relevant flavour-changing vector and axial-vector currents
In QCD the two-point correlation function of two currents is defined as
which can be evaluated by the operator product expansion (OPE) approach. The corresponding longitudinal Lorenz scalar Π L (q 2 ) and transverse Lorenz scalar Π T (q 2 ) can be obtained by
with the longitudinal and transverse helicity projectors,
Π I (q 2 ) is an analytic function and it satisfies the dispersion relation
The n-th subtracted dispersion relation is
B. Resonance contributions
Using the dispersion relation in Eqs. (51) (52) , we need to calculate the imaginary part of the correlators. The imaginary part Im Π I (q 2 ) can be obtained through inserting complete basis with all hadronic states with allowed quantum numbers. The complete set of hadronic states X have the identical quantum numbers as the vector or axial-vector current j µ .
For a particular choice of intermediate state X = BV , where BV may be either BD * or B c J/ψ, we define
Because the inserted hadronic states are not complete, it results in the inequality ImΠ BV
In principle, we need to consider enough hadronic states to close to the bound. However, there is no conflict to write the expression as in Eq. (54).
One can use the crossing symmetry to relate the matrix elements 0| j µ |BV to B| j µ |V , replacing p V in B| j µ |V to −p V . Then we obtain the following identity
where
and
which satisfies the identity λ ≡ (t − − q 2 )(t + − q 2 ) in the case of B c and J/ψ.
One can now express Im Π BV I,i in a compact form,
where the A V I,i 2 can be extracted from Eq. (55),
For a particular choice of intermediate state X = BP where the BP may be either BD or B c η c , we have
One obtains Im Π BP I,V in a compact form
where the A P I,V 2 can be extracted from Eq. (60),
Similarly, for the axial vector and scalar states, we have
For the tensor state, one has
The Im Π BT I,i becomes
where the A T I,i 2 can be extracted from Eq. (65),
C. OPE for the two-point correlation function
The two-point correlation function defined in Eq. (48) can be calculated using OPE. The expression has been given as [70] [71] [72] i
where the local operators O n (0) are constructed by quark and gluon fields. As for the flavor changing double-heavy currents defined in Eq. (47), the first two dominant contributions come from the unit operator and the gluon vacuum condensate (α s /π) G 2 . Here C I,n (q) are the related short-distance perturbative coefficients [73] . Results for n-th subtracted scalars χ I (n, Q 2 0 = 0) can be found in Eqs. ( 
where r = m c /m b . In the above expression, we have seen that the gluon condensate contributions are trivial in the correlator of double heavy vector and axial-vector currents.
D. Bounds on expansion coefficients
Using Eq. (54) and quark-hadron duality, one derives
where χ X X ≡ χ X I,OPE . One can choose Q 2 0 = 0 t + .
In Eq. (72), we have t ≥ t + . In order to map the t-plane to the unit disk, one can define a parameter z(t)
where the free parameter t 0 satisfies 0 ≤ t 0 < t − , which can be optimised to reduce the maximum value of |z(t)| in the physical form factor range [75] 
Then the region 0 ≤ t < t + can be mapped onto the unit disk |z(t)| < 1, while the physical pair-production region t ≥ t + onto the unit circle |z(t)| = 1. Expressed by z, the inequality could be written in the form 1 2πi
here the auxiliary function φ X I (t) can be obtained by comparing (75) and (72),
The form factors A X I (t) then can be generally expanded as [75] A I,
where the factors ( −z(t, 0)) m and ( z(t, t − )) l have been included to take into account the poles at t = 0 and t = t − [76] , and the module of which equals to 1 in the pair-production region. The function B(t) is a Blaschke factor with B(t) = i z(t, m 2 R i ), representing resonances poles with masses m 2 R i ≤ t + , and satisfying |B(t)| = 1 in the pair-production region. Following the same procedure to consider the poles at t = 0 and t = t − , we get
Using the expressions in Eqs. (77) into (75) , and the inequality |z(t, t 0 )| ≤ 1, |z(t, m 2 R )| ≤ 1 and |z(t, 0)| ≤ 1, we obtain the bound on the coefficients α n :
E. Parametrization
Using the series in Eq. (77), one can establish the parametrization of the form factors f 0 , f + , V and A i , and the generic formula is given as
For the B c meson decays to J/ψ, we denote F 1 (t) = V (t), F 2 (t) = A 0 (t), F 3 (t) = A 1 (t), and we also define two new form factors
The corresponding functions φ i (t) are
φ ( )
with φ 0 (t) = 1 48π
where the relation is hold by φ 0 (t) = φ X I (t) χ X I (n). The Blaschke factor B(t) = i z(t, m 2 R i ), representing poles due to sub-threshold resonances of masses m R i . There are not enough data to determine the structure of B(t). Fortunately, for b → c transition, the masses of the relevant B c -type resonances can be estimated from potential model or Lattice QCD. Using the potential model expectation [77] , we get B V (t) = z(t, 6.333 2 )z(t, 6.882 2 )z(t, 7.021 2 )z(t, 7.258 2 )z(t, 7.392 2 ) z(t, 7.609 2 )z(t, 7.733 2 )z(t, 7.947 2 ) , B A (t) = z(t, 6.743 2 )z(t, 6.750 2 )z(t, 7.134 2 )z(t, 7.147 2 )z(t, 7.500 2 ) z(t, 7.510 2 )z(t, 7.844 2 )z(t, 7.853 2 ) .
For the B c meson decays to η c , we denote F P 1 (t) = f + (t) and F P 2 (t) = f 0 (t). The
Similarly, one can easily get the formulae when the final charmonium is h c , χ c1 or χ c0 . For B c decays to χ c2 , we denote F T
, and we also define two new form factors
.
V. PHENOMENOLOGICAL DISCUSSIONS
A. Predictions from the standard model
With the unitary constraints, the new parametrization forms for form factors of B c into the S-wave and P-wave charmonium in the entire q 2 range have been derived in the last section. The z-series expansion depends on the coefficients α k , which can be obtained by fitting the data. Although it contains an infinite tower of coefficients, we expect this expansion converges very fast, since in the physical region 0 ≤ t ≤ t − , the maximum of z(t) is only about 0.02. Thus it is a good approximation to keep the first order coefficient α 1 and set α i = 0 for i > 1.
In the fit, we will use HPQCD data [41, 42] together with a the light-front quark model calculation to determine the form factors f ηc + , f ηc 0 , V J/ψ , and A J/ψ 1 . From the fit, one can see the LFQM predictions are consistent with Lattice data. So we will adopt the LFQM and constraints from heavy quark limit to determine other form factors of B c into the S-wave and P-wave charmonium. [41] ; the blue line is from the z-series based on the lattice data; the dashed line is from the LFQM results [25] ; the dotted line is from the the z-series based on the LFQM results. [41] ; the blue line is from the z-series based on the lattice data; the dashed line is from the LFQM results [25] ; the dotted line is from the the z-series based on the LFQM results.
We have shown the form factors of B c into S-wave charmonium in z-series in Figs. 1, 2 and  3 . The heavy quark relations for form factors in Eqs. (27) (28) (29) (30) (31) (32) (33) (34) (35) (36) (37) (38) (39) (40) (41) (42) (43) (44) (45) (46) use Isgur-Wise functions. At zero recoil with ω = 1, the heavy quark limit gives f + (ω = 1) = 1.06 and f 0 (ω = 1) = 0.93 for B c into η c , and V (ω = 1) = A 0 (ω = 1) = A 2 (ω = 1) = 1.06, A 1 (ω = 1) = 0.94 for B c into J/ψ. For B c into η c and B c into J/ψ, these predictions are consistent with the z-series expansion.
We have also plotted the form factors of B c into P-wave charmonium within z-series method in Figs. 4, 5, 6 and 7. These results are helpful to perform the phenomenological analysis. Semileptonic decays B c → η c ν have the decay widths:
This formula is also valid for semileptonic decays of B c into a scalar charmonium by P → S. Decay widths for B c → J/ψ ν are given as:
where we use the subscript +(−) to denote the right-handed (left-handed) states of vector mesons. The total and transverse differential decay widths are given by:
The formulae are also valid for decays of B c into axial-vector charmonia by V → χ c1 (h c ). For the tensor meson in the final state, the semileptonic B c decays have
In the numerical calculation, we adopt the inputs as: m Bc = 6.276GeV, m ηc = 2.984GeV, m J/ψ = 3.097GeV, m hc = 3.525GeV, m χ c0 = 3.415GeV, m χ c1 = 3.511GeV, m χ c2 = 3.556GeV, τ Bc = 0.503ps [78] . We adopt the heavy quark masses as m c = (1.4 ± 0.2)GeV and m b = (4.8 ± 0.2)GeV [79] [80] [81] [82] . We find that the ratios between B c → H + µ +ν µ and B c → H + e − +ν e is rather close to 1, which is under expectation. For the semitaunic and semimuonic B c decays into a charmonium H, the R H and the helicity dependent ratios are defined as see the uncertainties are reduced for the R H since most uncertainties in form factors cancel. The SM prediction for R J/ψ is far below the LHCb data. If confirmed, this may indicate the possible new physics. In this case, these NP effects should also manifest themselves in the B c decays into P-wave charmonium, where we found the SM results for the ratios are even smaller. Enhancements of these ratios on the experimental side can reveal the presence of NP further. 
where C i is the Wilson coefficient, and the corresponding four-fermion operator is written as
The Wilson coefficient C i = 0 for the standard model. On the other hand, in Ref. [54] , the authors have fitted the values of the Wilson coefficients in different new physics (NP) scenarios from the anomalies of the B → D(D * ) and B c → J/ψ decays. They gave the best fitted results as (1 + Re[C V 1 ]) 2 + Im[C V 1 ] 2 = 1.27 (NP1) and C V 2 = 0.057 ± 0.573i (NP2). Considering these fitted results in the NP scenarios, the ratios of the semitaunic and semimuonic B c decays into a charmonium H are predicted in Tab. III, which shall be tested in future LHCb experiments. 
VI. CONCLUSION
In this paper, we have investigated the form factors of B c decays into the S-wave and P-wave charmonium in a model independent way. Unitary constraints combining Lattice QCD simulations and heavy quark limit constraints allow solid theoretical predictions. The new parametrization form we derived can greatly reduce the hadronic uncertainties. The theoretical prediction for R J/ψ is far below the LHCb experimental data, which is challenging the understanding of the fundamental theory of SM. It is worthwhile to independently study the helicity-dependent observations such as R L J/ψ and R ⊥ J/ψ in experiments. Besides, other observations R H for B c decays into the S-wave and P-wave charmonium are also helpful to check the lepton flavor universality.
Our analyses can be straightforwardly extended to other b → c transitions like the Λ b → Λ c /Λ * c , or even the doubly bottom baryons Ξ bb /Ω bb decays into Ξ bc /Ω bc . The latter category has small production rates at LHC and smaller branching fractions [83] [84] [85] , making it less impressive at this stage.
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